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Abstract
We investigate the Auslander{Reiten quiver of a P1-hereditary artin algebra  by relating it
to the Auslander{Reiten quiver of a suitable tilted algebra. We then obtain that the Auslander{
Reiten components of  are postprojective, or preinjective, or quasi-serial, or obtained from a
quasi-serial translation quiver by coray insertions, or they can be interpreted as glueings of a
nite number of components which are either postprojective or preinjective. c© 2000 Elsevier
Science B.V. All rights reserved.
MSC: 16G70; 16G20
The notion of a P1-hereditary artin algebra was introduced by the rst author in [2] in
order to generalize some properties of postprojective modules over hereditary algebras
to a larger class of algebras. In fact, over a P1-hereditary algebra, an indecomposable
non-projective module C is postprojective (in the sense of Auslander and SmalH [9]) if
and only if there are only a nite number of non-isomorphic indecomposable modules
X such that Hom(X; C) 6=0. Further, the class of indecomposable postprojectives is
closed under irreducible successors and can be described in terms of the −-orbits of
torsionless modules [2, (4.5)]. These results generalize what was proven by Auslander,
Platzeck and SmalH for the hereditary case [6, (1.5); 9, Section 8]. Moreover, the
algorithms to compute the postprojective partition of a hereditary artin algebra due
to Todorov and Zacharia [19, 20] can be extended to P1-hereditary algebras as well
[2, (4.1) and (4.2)].
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A generalization of Todorov’s algorithm had been given previously by the second
author in [10]. To this end, he introduced classes of algebras denoted by Hn, n 2 N0.
Hereby, H0 consists of the hereditary algebras, while H1 can be interpreted as an
intermediate step in passing from the hereditary to the P1-hereditary algebras.
Algebras in H1 are namely P1-hereditary algebras where certain nodes cannot occur.
Actually, it follows from [2, (3.6)] that every P1-hereditary algebra  is stably equiv-
alent to an algebra 0 in H0 [H1, via a functor which corresponds to the \cutting" of
these nodes (cf. [16]). Recall that a simple non-projective non-injective module S is
called a node if the almost split sequence beginning at S has projective middle term,
or equivalently, if the almost split sequence ending at S has injective middle term.
In the present paper, we will use this connection between P1-hereditary algebras
and H1 as a rst step towards a description of the Auslander{Reiten quiver of a P1-
hereditary artin algebra . In fact, under the functor mentioned above, the Auslander{
Reiten components of  are either mapped to Auslander{Reiten components of 0
or are cut along the nodes to split into postprojective components of 0 with simple
projective modules and non-regular components of 0 with simple injective modules.
So, our problem is reduced to the study of the Auslander{Reiten quiver of 0.
In the second step, we show that there are a semisimple algebra E, a tilted algebra
F in H0 [H1 and an F-E bimodule M such that 0 can be written as 
F M
0 E
!
and the category ind F is conite in ind0, that is, up to isomorphism there are
only nitely many objects of ind0 which are not objects of ind F . Moreover, the
Auslander{Reiten components of 0 are either Auslander{Reiten components of F or
are postprojective components which arise from postprojective components of F by
glueing uniserial projective injective modules whose socle is an E-module. Using the
description of the Auslander{Reiten quiver of a tilted algebra given by Liu in [15], we
can summarize our results as follows.
Theorem 5.1. Let  be a P1-hereditary artin algebra and C an Auslander{Reiten
component of . If C does not contain projective modules; then C is preinjective or
quasi-serial or obtained from a quasi-serial translation quiver by coray insertions. If
C contains projective modules; then C is postprojective or there is an artin algebra
0 in H0 [H1 such that C is obtained from a nite number of Auslander{Reiten
components of 0 which are either preinjective or postprojective by glueing together
some simple injective modules with some simple projective modules.
The paper is organized as follows. Section 1 contains some preliminaries. Denitions
and properties of P1-hereditary algebras and the class H1 can be found in Section 2.
Sections 3 and 4 are devoted to the two steps described above. Finally, in Section 5
we give the proof of Theorem 5.1 as well as some examples to illustrate our results.
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1. Preliminaries
Let  be an artin algebra, mod the category of all nitely generated right
-modules and ind the full subcategory of mod consisting of the indecompos-
ables. For a (full) subcategory C of ind, let us denote by addC the full subcategory
of mod consisting of all nitely generated -modules having their indecomposable
summands in C.
For basic notions on the Auslander{Reiten theory and on tilted algebras we refer
to [8] and [13], respectively. We shall denote by  (respectively −) the Auslander{
Reiten translations DTr (respectively TrD). Moreover, the connected components of
the Auslander{Reiten quiver of  will be called Auslander{Reiten components of .
An Auslander{Reiten component is called postprojective (respectively, preinjective)
provided it does not contain oriented cycles and each object is in the -orbit of a
projective module (respectively, of an injective module).
Recall that Y is said to be a predecessor of X provided there is a path Y =X0
f1−!X1
!    ft−!Xt =X where t 0; X0; X1; : : : ; Xt 2 ind and fi is a non-zero non-
isomorphism for all 1 i t. When all maps fj are irreducible, we call Y an irre-
ducible predecessor of X .
Postprojective partitions were introduced in [9] by Auslander and SmalH under the
name preprojective partition. Namely, it was shown that every artin algebra  ad-
mits uniquely determined (full) subcategories P0; : : : ;Pn; : : : ;P1 of ind having the
following properties:
(1) Pn is closed under isomorphic images for each n, and it has only a nite number
of nonisomorphic objects if n<1.
(2)
S1
i=0 Pi= ind and Pi \Pj = ; when i 6= j.
(3) Given n<1, every module in S1i=n Pi is an epimorphic image of a direct sum
of modules in Pn. Moreover, each Pn is minimal with respect to this property.
A module M 2 mod is called postprojective if none of its indecomposable sum-
mands belong to P1. Clearly, the modules in P0 are the indecomposable projective
modules. The modules in P1 can be described as follows.
Proposition 1.1 (Auslander and SmalH [9; (10:5)]). The following are equivalent for
C 2 indnP0.
(a) C is in P1.
(b) There exists an irreducible morphism P!C with P projective.
(c) C = −A where A is an indecomposable summand of rad .
In general, there is the following characterization of postprojective modules, which
will be very helpful. An indecomposable module C belongs to Pn for some n<1
if and only if it does not belong to P0 [    [Pn−1 and it has the property that
epimorphisms X !C are splittable whenever X 2 mod does not have any direct
summand in
Sn−1
i=0 Pi.
We shall need the following lemma.
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Lemma 1.2. Let  and 0 be artin algebras and F : mod!mod0 be an additive
and full functor preserving non-split epimorphisms. Then F(Pn())Pn(0)[    [
P1(0) for all n = 0; : : : ;1.
Proof. We proceed by induction on n. For n=0 there is nothing to prove. Let n 0
and C 2Pn+1(). Then there are Y 2 addPn() and a non-split epimorphism g :Y !C.
Applying F, we get a non-split epimorphism F(g) :F(Y )!F(C) where F(Y ) does
not have any direct summand in P0(0)[    [Pn−1(0) by induction assumption. Fur-
ther, F(C) is indecomposable since F is full and EndF(C) is therefore an epimor-
phic image of the local ring End(C). Finally, F(C) cannot lie in P0(0)[    [Pn(0)
since F(g) does not split. So our claim is proven.
2. P1-hereditary algebras and the class H1
Let us recall the denitions of the algebras we are interested in. An artin algebra
 is called P1-hereditary provided it has the following property: If C is a module
in P1, then every indecomposable module X with a nonzero morphism X !C is
in P0 [P1. If we replace the condition \C 2P1" by \C 2P0 [P1" and exclude the
possibility of  being hereditary, we obtain the denition of algebras in H1. In other
words, an artin algebra is in H1 if it is not hereditary and the category add (P0 [P1)
is closed under submodules. We will further denote by H0 the class of all hereditary
algebras. Examples of algebras in H1 and of P1-hereditary algebras which are neither
hereditary nor in H1 are given in [2] and in Section 5. We also observe that the
stable algebras, as introduced by Jagadeeshan and Kleiner in [14], are P1-hereditary
algebras.
Observe that if  is in H0 [H1, then the functor Hom(−; ) has nite length. So,
we can use the following result.
Proposition 2.1 (Auslander and SmalH [9; (9:15)] and Auslander et al: [8; Chapter V;
(7:5)] or Coelho [11; (4:4)]). Assume that the functor Hom(−; ) has nite length.
Then any non-zero map ending at a postprojective module is a sum of compositions
of irreducible morphisms.
As a consequence, if  is a connected algebra such that the functor Hom(−; )
has nite length, then there is a unique Auslander{Reiten component consisting of
postprojective modules (see [12]). Such a component does not have to be postprojective
in the sense dened above. We have, however, the following result for algebras inH1.
Theorem 2.2 (Angeleri Hugel and Coelho [3]). Let  be a connected algebra in H1;
and let C be the component of the Auslander{Reiten quiver of  consisting of the
modules in
S
n2N0 Pn. Then C is postprojective if and only if  is not the radical
square zero algebra with ordinary quiver ~An cyclically oriented.
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We now recollect some further information on the algebras under discussion.
Theorem 2.3 (Angeleri Hugel [2; (2:5)]). An algebra  is P1-hereditary if and only
if the following conditions are satised.
(J) If A is an indecomposable summand of rad; then every indecomposable non-
injective module X with an irreducible morphism X !A is isomorphic to a summand
of rad.
(T) Every indecomposable torsionless module which is not in P0 [P1 is simple
and is the only non-projective submodule of some indecomposable projective injective
module.
In particular, it follows from condition (T) that every indecomposable torsionless
module which is not in P0 [P1 is a node. And of course, a P1-hereditary algebra is
in H0 [H1 if and only if these nodes do not occur.
As far as nodes are concerned, we will need the following results.
Lemma 2.4 (Angeleri Hugel and Coelho [3; (1:1)]). Let  be an artin algebra; and
0! S!E! S! 0 be an almost split sequence; where S is a node in P1. Then E
is an indecomposable projective injective module of length 2.
Lemma 2.5 (Angeleri Hugel and Coelho [3; (2:3)]). Let  be a P1-hereditary artin
algebra and Q be an indecomposable projective -module such that the natural epi-
morphism Q!Q=socQ is irreducible. Then Q is uniserial with each of its non-simple
submodules being projective; and socQ is either projective or a node.
Finally, a crucial role in this paper will be played by the following observation.
Corollary 2.6 (Angeleri Hugel and Coelho [4; (1:6)]). Let  be an artin algebra in
H1 and assume that  is not tilted. Then there is an indecomposable projective
injective module Q which is a projective cover of C for some torsionless module
C 2P1.
Let us discuss this result in more detail.
Proposition 2.7. Let  be an artin algebra in H1; and Q be an indecomposable
projective injective module which is a projective cover of C for some torsionless
module C 2P1. Then one of the following cases has to occur.
(A) All submodules of Q are projective.
(B) There is a node S 2P1 such that −S is torsionless and the injective envelope
of S is projective.
Proof. By Lemma 2.5 we know that Q is a uniserial module with the composi-
tion series 0 S  radm−1Q     radQQ where radm−1Q; : : : ; radQ, Q2P0, and
S is either projective or a node in P1. Moreover, there are almost split sequences
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O! radk+1Q! radk QCk+1!Ck ! 0; 0  k<m, where Ck =(radkQ)=S 2P1. Note
further that since C 2P1, the module C is torsionless. Also, it is not injective, and
therefore not isomorphic to its projective cover Q. We infer that C 2P1 and that
the proper epimorphism Q! C has to be irreducible (see [1, (1.9)]). In particular,
C0 = C is torsionless. But then also −S = Cm−1Cm−2    C0 is torsionless.
3. The rst step
We now begin our project of describing the Auslander{Reiten quiver of a
P1-hereditary artin algebra . As explained in the introduction, our aim is to relate
the Auslander{Reiten quiver of  to the Auslander{Reiten quiver of a suitable tilted
algebra in H0 [H1. From the discussion closing the last section, we deduce that to
this end we rst have to remove certain nodes, namely, nodes which are not in P1
as well as nodes occurring in case (B) of Proposition 2.7. This is the purpose of the
present section.
A similar construction was already performed in [2] in order to show that every
P1-hereditary artin algebra  is equivalent modulo P0 [P1 to an artin algebra 0 in
H0 [H1, that is, their stable categories modulo P0 [P1 are equivalent. We are now
going to prove that we can choose 0 with the additional property that case (B) of
Proposition 2.7 does not occur. Moreover, the relationship between  and 0 is as close
as possible, namely, we even have that the categories modP0() and mod
0
P0(0) are
equivalent, where modP0() is the full subcategory of mod consisting of all modules
with no non-zero projective summands. As in [2], we will use techniques very similar
to those employed by Platzeck in [17] and further developed by Martinez in [16].
Throughout this section let  be a P1-hereditary artin algebra and T1 = fS 2 indn
(P0 [P1) j S torsionlessg. We know by Theorem 2.3 that any module S 2T1 is a node
and that its injective envelope I(S) is projective. We will now modify the construction
of the functor given in [2, Section 3] by considering not only the nodes in T1, but also
those in T2 = fS 2P1 j S node with −S torsionless and I(S) projectiveg. So, we take
T = T1 [T2, and for every module M 2mod we denote the trace of T in M by
T (M) =
PfU M jU 2Tg. Further, we set a = T () and call b the right annihilator
of a in . Since a rad b, the two sided ideal a is a =a − =b-bimodule. We
put
0 =

=a a
0 =b

and look at mod0 as the category of all triples (A; B; f) where A2mod=a,
B2mod=b and f2Hom=b(A ⊗=a a; B). Then we have a functor F : mod!
mod0 dened on M 2mod by F(M) = (M=Ma; Ma; fM ) where fM :M=Ma ⊗
a!Ma is the multiplication map, and on g2Hom(M;N ) by F(g)=( g; g0) where
g :M=Ma! N=Na and g0 :Ma!Na are the morphisms induced by g.
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We can now use the same arguments as in [2, Section 3], replacing T1 by T=
T1 [T2, to obtain the following results. Observe that every node S 2T is the only
non-projective submodule of a uniserial projective injective module by Lemma 2.5.
Lemma 3.1. (a) For every M 2mod we have that MaT (M). If M is projective;
then Ma=T (M).
(b) For M 2 ind we have that Ma 6=0 if and only if M contains a proper sub-
module S 2T. In this case M is uniserial projective and S =Ma=socM is its only
non-projective submodule.
Denote by S the full subcategory of mod0 consisting of all those triples (A; B; f)
such that f is an epimorphism.
Proposition 3.2. (a) The functor F : mod!S is full and dense.
(b) For all M;N 2mod and g2Hom(M;N ) we have that F(g)= 0 if and only
if Im gNa. In particular; we have Hom(M;N ) = Hom0(F(M); F(N )) whenever
Na=0.
We will need some further information about the action of F on morphisms.
Lemma 3.3. Let M;N 2mod; g :M !N .
(a) g is an epimorphism if and only if F(g) is an epimorphism.
(b) g is a monomorphism if F(g) is a monomorphism.
(c) g is a split epimorphism (resp. split monomorphism) if and only if F(g) is a
split epimorphism (resp. split monomorphism).
(d) g is irreducible in mod if F(g) is irreducible in mod0. The converse holds
if Na=0.
Proof. (a) and (b) follow immediately from the denition and the fact that Na is a
superuous submodule of N .
(c) We have only to prove the if-part. Assume that F(g) is a split epimorphism. Since
F is dense, there is f :N !M such that F(g)F(f)= idF(N ), thus Im (gf− idN )Na
by Proposition 3.2. From Na2 = 0 it follows (gf− idN )2 = 0, hence idN − (gf− idN )
is the inverse map of gf= idN + (gf− idN ). So, g is a split epimorphism. The proof
for \split monomorphism" is analogous.
(d) The rst statement is an immediate consequence of (c). The second statement
is shown like in the proof of [2, (3.5)(a)].
Let us remark that the converse of Lemma 3.3(b) holds if M has no summands in
T. This can be veried using Lemma 3.1(b) and Proposition 3.2. In general, however,
F(g) can even be zero. Take the injective envelope g : S! I of some S 2T and
observe that Im g Ia.
We now investigate some relevant classes of 0-modules.
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Proposition 3.4. (a) P0(0) consists of the triples of the form F(P) for some P 2
P0() and of those indecomposable triples which are not in S. The latter are simple
and have the form (0; B; 0) for some B2 ind=b.
(b) P1(0) consists of the triples of the form F(C) for some C 2P1().
(c) The indecomposable injective 0-modules are precisely the triples of the form
F(X ) for some X 2 ind which is either injective or in T:
Proof. (a) is well known (see [17, Section 2]), and for (b) we refer to [2, (3.5)(c)].
(c) Suppose that X 2 ind is injective, and consider a monomorphism g :F(X )!M .
We can assume M =F(Y ) for some Y 2mod, hence g=F(f) for some f :X !Y .
From Lemma 3.3 we then infer that f and g are split monomorphisms. Thus F(X ) is
injective.
Next, suppose that X 2T. By Lemma 3.1(b), we know that for any nonzero non-
isomorphism f :X !Y with Y 2 ind we have Imf=socY =Ya, hence F(f)= 0
by Proposition 3.2. In particular, F(X ) is then simple injective.
Now, any simple 0-module has either the form (0; S; 0) for some S 2T, or the
form (S; 0; 0) for some simple -module S. So, using the fact that F reects iso-
morphisms and comparing the number of isomorphism classes, we conclude that all
indecomposable injective 0-modules are of the stated form.
Proposition 3.5. Let S 2T and Q be its injective envelope; ‘(Q)=m+1. Then F(Q)
is uniserial projective injective with the composition series 0(0; S; 0)F(radm−1Q)
    F(radQ)F(Q). Moreover; there are almost split sequences 0! radk+1Q!
radk QCk+1!Ck ! 0; 0 k<m; where Ck=(radk Q)=S2P1 and the maps are given
by the natural surjections and injections; respectively; as well as 0!F(radk+1Q)!
F(radk Q)  F(Ck+1)!F(Ck)! 0; 0 k<m− 1; and 0! (0; S; 0)!F(radm−1Q)!
F(Cm−1)! 0.
In particular; for X 2 ind there is an irreducible morphism S!X in mod if
and only if there is an irreducible morphism (0; S; 0)!F(X ) in mod0.
Proof. By Lemma 3.1(b) we know that Q has a unique composition series 0S
radm−1Q     radQQ where radm−1Q; : : : ; radQ; Q2P0. An easy computation
gives that
rad F(radk Q) = F(radk Q)

rad (=a) a
0 0

=

F(radk+1Q) if 0 k<m− 1;
(0; S; 0) if k =m− 1;
and F(Ck) = F(radk Q)=(0; S; 0) (for the latter claim observe that applying F on
the natural surjection  : radk Q!Ck we obtain an irreducible epimorphism F()=
( ; 0) :F(radk Q)!F(Ck) where F(radk Q)2P0 and F(Ck)2P1 by Lemma 3.3 and
Proposition 3.4, hence its kernel is simple by [7, (4.3)]).
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We conclude that F(Q) is uniserial projective with the stated composition series,
and is further injective by Proposition 3.4. For the shape of the almost split sequences
we refer to [7, (4.6)].
As a consequence, we can improve our Lemma 3.3(d) on the behaviour of irreducible
morphisms under F .
Corollary 3.6. (a) Let 0!A!B!C! 0 be an almost split sequence in mod
where A =2T. Then the almost split sequence ending at F(C) has the form 0!F(A)!
F(B)!F(C)! 0.
(b) Let M;N 2 ind and g :M !N . Then F(g) is irreducible if and only if g is
irreducible and M =2T.
Proof. (a) In Proposition 3.5 we have proven our statement in case that A has a sub-
module in T. Assume now that T (A)= 0. By Lemma 3.1(b) we have Aa=Ba=Ca
=0. So, applying F we obtain the almost split sequence 0! (A; 0; 0)! (B; 0; 0)!
(C; 0; 0)! 0.
(b) For the only-if part, we already know that g is irreducible by Lemma 3.3(d),
and by Proposition 3.4 we have that M is not in T since F(M) is not simple injective.
Assume now that M =2T and g is irreducible. If M is not injective, we obtain our
claim from (a). If M is injective, then g is an epimorphism and N is not projective.
In particular, Na=0 by Lemma 3.1, and our claim follows from Lemma 3.3(d).
We are now ready to prove our announced result.
Theorem 3.7. Let  and 0 be as above. Then  is stably equivalent to 0; and the
category modP0() is equivalent to mod
0
P0(0). Moreover; 
0 is in H0 [H1; and
there are no nodes X 2 ind0 such that −X is torsionless and the injective envelope
of X is projective.
Proof. We know by Lemma 3.1(b) that Na=0 for all N 2modP0(). We then
deduce from Propositions 3.2 and 3.4(a) that F induces an equivalence modP0()!
mod0P0(0). Moreover, a map g in modP0() factors through some projective module
if and only if F(g) does so. Thus F also induces a stable equivalence between  and 0.
We now verify that 0 has the claimed properties. The rst statement is proven as
in [2, (3.6)]. Let us consider a node X 2 ind0. We know by Proposition 3.4 that
X has the form F(S) where S is a simple -module which is neither projective nor
injective nor in T. By Corollary 3.6 the almost split sequence 0! S!B!C! 0
in mod gives rise to an almost split sequence 0!F(S)!F(B)!F(C)! 0 in
mod0. Observe that F(B) is projective because F(S) is a node. Then B has to be
projective as well (see Proposition 3.4), and S is a node. Assume now that −X =F(C)
is torsionless and the injective envelope I(X ) is projective. Then there is a projective
-module P and a monomorphism g :F(C)!F(P), which is induced by a monomor-
phism f :C!P (see Lemma 3.3). So, C = −S is torsionless. Further, it follows
from Proposition 3.4 that the injective envelope of X =F(S) has the form F(I) where
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I is the injective envelope of S. Hence I is projective, and we conclude that S 2T, a
contradiction.
The next theorem describes the relationship between the Auslander{Reiten compo-
nents of  and 0.
Theorem 3.8. Let C be an Auslander{Reiten component of . If C\T= ;; then
F(C) is an Auslander{Reiten component of 0. If C\T= fS1; : : : ; Smg; then there
are at most m postprojective components of 0 with a source of the form (0; Si; 0);
1 im; and at most m non-regular components of 0 with a sink of the form
(Si; 0; 0); 1 im; such that F(C) consists of the modules in the union of these
components which are dierent from (0; Si; 0); 1 im. Any Auslander{Reiten com-
ponent of 0 occurs in this way.
Proof. Assume that C\T= ;. Then all irreducible neighbours of modules in F(C)
are in S. In fact, if F(C) with C 2C had an irreducible neighbour of the form
Y =(0; S; 0) for some S 2T, then F(C) would be an irreducible successor of Y , and
from Proposition 3.5 it would follow that there is an irreducible morphism S!C, a
contradiction. So, we can easily deduce from Corollary 3.6 that F(C) is an Auslander{
Reiten component of 0.
Assume now that S 2C\T. Then the simple projective module (0; S; 0) is a source
of some Auslander{Reiten component Q of 0, which is a postprojective component
by Theorem 2.2, and the simple injective module (S; 0; 0) is a sink of some Auslander{
Reiten component I of 0.
Further, we show that Q\S and I\S are contained in F(C). In fact, if we take
F(X )2Q\S and a walk from (0; S; 0) to F(X ), we obtain by Proposition 3.5 and
Corollary 3.6 a walk which connects X with S, and since S 2C, we deduce that X 2C.
With similar arguments we can also verify that I\SF(C).
Let now Q1; : : : ;Qr and I1; : : : ;Is be all components of 0 which arise in this way
from the modules S1; : : : ; Sm. Obviously, the modules in Qi (resp. Ij) which are not in
S have the form (0; Sk ; 0) for some 1 k m. We claim that F(C)[f(0; Sk ; 0) j 1
k mg=Sri=1 Qi [S sj=1 Ij. To this end, we consider a module C 2C and a walk of
minimal length in C from C to a module in C\T, say C =C0−C1−  −Ct = S 2T.
Then we have either t=0 and F(C)= (S; 0; 0)2 Ssj=1 Ij or none of C0; : : : ; Ct−1 is in
T. In the latter case we apply Corollary 3.6 and obtain a walk F(C0)−F(C1)−  −
F(Ct−1). Further, by Proposition 3.5 and Corollary 3.6 we have either an irreducible
morphism F(Ct−1)!F(S) or an irreducible morphism (0; S; 0)!F(Ct−1). This proves
that F(C)2 Sri=1 Qi [ S sj=1 Ij.
The last statement is obvious.
4. The second step
In Section 3 we have reduced our problem of describing the Auslander{Reiten quiver
of a P1-hereditary algebra  to the study of the Auslander{Reiten quiver of an algebra
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0 in H0 [H1 such that case (B) in Proposition 2.7 cannot occur. In this section, we
will further reduce our problem to tilted algebras in H0 [H1. Roughly speaking, this
means that also the instances of case (A) in Proposition 2.7 are to be removed.
Let us assume from now on that 0 is an algebra as above which is not tilted. From
Corollary 2.6 we know that the class Q of all indecomposable projective injective
modules Q which are projective covers of C for some torsionless module C 2P1 is
not empty. Further, all submodules of a module in Q are projective by Proposition 2.7.
Let now e1; : : : ; en be primitive orthogonal idempotents of 0 with
Pn
i=1 ei=1, and
let Qi=D(0ei) be the injective 0-module corresponding to the vertex ei. Clearly, we
can choose a numbering such that Qi=D(0ei) =2Q if 1 i r and Qi=D(0ei)2Q if
r<i n. Set e= Pni=r+1 ei and f=1− e. Observe that ind e0 consists of the socles
of the modules in Q. In particular, e0e is semisimple and e0f=0. With the notation
F =f0f, E= e0e and M =f0e we then have algebras F and E and a bimodule
FME such that
0=

F M
0 E

:
So, we identify mod0 with the category of all triples (A; B; ) where A2mod F ,
B2mod E and 2HomE(A⊗M;B). For our investigations we will further need the
functors
 : mod F!mod0; X 7! (X; 0; 0); g 7! (g; 0) and
’ : mod F!mod0; X 7! (X; X ⊗M; id); g 7! (g; g⊗ id):
We shall use the following well-known facts (see [8, Chapter III, (2.5)]).
Lemma 4.1. (a) The indecomposable projective 0-modules are precisely the triples
of the form ’(P) for some indecomposable projective F-module P or of the form
(0; T; 0) for some indecomposable E-module T .
(b) If Q is an indecomposable injective F-module; then (Q) is an indecomposable
injective 0-module.
We now prove some preliminary results.
Lemma 4.2. The following statements are equivalent for X 2 ind0.
(a) Xe 6=0.
(b) Hom0(X;Q) 6=0 for some Q2Q.
(c) X is a submodule of some Q2Q.
In particular; we have that ind F is conite in ind0.
Proof. (a) , (b): Let r<i n. Then Xei 6=0 if and only if Hom0(ei0; X ) 6=0
if and only if socQi= ei0=rad ei0 is a composition factor of X if and only if
Hom0(X;Qi) 6=0.
(b) , (c) follows from the fact that all submodules of Q are projective.
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Lemma 4.3.
(1) The following statements are equivalent for X 2 ind0.
(a) Xe 6=0 and Xf 6=0.
(b) X is a non-simple submodule of some Q2Q.
(2) Let Q be a module in Q. Then there is a uniserial projective F-module P of
length m= ‘(Q) − 1 with each of its submodules being projective; such that ’(P)=
(P; P⊗M; id)=Q and (0; P⊗M; 0)’(radm−1 P)    ’(rad P)Q is the com-
position series of Q. Moreover; there are almost split sequences 0!’(radk+1 P)!
’(radk P)Ck+1!Ck ! 0; 0 k<m − 1; and 0! (0; P⊗M; 0)!’(radm−1 P)!
Cm−1! 0; where Ck = (radk P).
Proof. (1) (a) ) (b): Of course, X is not simple, and from Lemma 4.2 we know that
X is a submodule of some Q2Q.
(b) ) (a): By Lemma 4.2 we know that Xe 6=0. Moreover, the projective cover of
X cannot be in add e0 since X is not simple. This proves Xf 6=0.
(2) By Lemma 4.1 there is P 2P0(F) such that Q=’(P)= (P; P⊗M; id), and by
Lemma 4.2 we know that P⊗M 6=0. The radical of Q can be computed as in the
proof of Proposition 3.5 to get radQ=(rad P; P⊗M; ) where  is the embedding of
rad P⊗M in P⊗M . If ‘(Q)= 2, we have that P is simple and rad’(P)= soc’(P)=
(0; P⊗M; 0). If ‘(Q)>2, then radQ is projective and there is P0 2P0(F) such that
(rad P; P⊗M; )=’(P0)= (P0; P0⊗M; id), which implies that  is an isomorphism and
P0= rad P. So, we obtain our claim proceeding by induction.
The shape of the almost split sequences follows from [7, (4.6)], observing that the
sequence 0! (0; P⊗M; 0) (0; id)! ’(radk P) (id;0)! (radk P)! 0 is exact for all 0 k<m.
Lemma 4.4.  preserves almost split sequences.
Proof.  is exact, full and faithful. So, it maps any almost split sequence to a non-split
exact sequence. Moreover, any indecomposable 0-module Y such that Hom0((A); Y )
6=0 for some F-module A, has to lie in Im . Indeed, if Ye 6=0, then we know by
Lemma 4.2 that any module X with a non-zero map ending at Y also admits a non-zero
map to some module in Q, hence satises Xe 6=0. This proves our statement.
Corollary 4.5. F is a tilted algebra in H0 [H1.
Proof. We rst show that F 2H0 [H1. Since Hom0(−; 0) is of nite length, also
HomF(−; F) is of nite length (apply ’!). Hence, using Proposition 2.1, it suces to
prove that P0(F)[P1(F) is closed under irreducible predecessors. Of course, any
non-zero map g :X !P where X 2 ind F ,P 2P0(F) gives rise to a non-zero map
’(g) :’(X )!’(P), where ’(P)2P0(0) by Lemma 4.1. Since 0 2H1, we deduce
that ’(X )2P0(0)[P1(0), hence X 2P0(F)[P1(F) by Lemma 1.2.
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Let us now consider a module C 2P1(F) with the almost split sequence
0!A!B!C! 0. By Lemma 4.4 we know that 0! (A)! (B)! (C)! 0 is
an almost split sequence in mod0. Moreover, (B) has a summand (P) for some
non-simple P 2P0(F), and we know that ’(P)2P0(0) by Lemma 4.1. If ’(P)e=0,
then ’(P)= (P); hence (C) has to be in P1(0), and (B)2 add (P0(0)[P1(0))
since 0 2H1. By Lemma 1.2 we then deduce that B2 add (P0(F)[P1(F)). Sup-
pose now that ’(P)e 6= 0. Then it follows from Lemma 4.3 that there is an irre-
ducible epimorphism ’(P)!(P) and that (A) is isomorphic to (rad P)2P1(0).
Hence A= rad P 2P0(F) and B2 add (P1(F)[P0(F)). So, F 2H0 [H1 as
required.
Assume now that F is not tilted. Then we know from Corollary 2.6 that there is an
indecomposable projective injective F-module Q which is a projective cover of F C
for some torsionless module C 2P1(F). Let us consider the almost split sequence
0! F C!B!C! 0 in mod F . Applying Lemma 4.4, we obtain an almost split
sequence 0! (F C)! (B)! (C)! 0 in mod0.
We claim that (C) is a torsionless module in P1(0). Indeed, any monomorphism
C!X with X 2P0(F) gives rise to a monomorphism (C)! (X ) where (X )=
’(X )2P0(0), because X having a non-projective submodule implies ’(X )e=0 by
Lemma 4.3. So, (C) is torsionless. Since 0 2H1; we deduce that (C)2P1(0).
Then (B) has a projective summand, hence (F C) is torsionless and lies in
P0(0)[P1(0). Further, I = (Q) is indecomposable injective by Lemma 4.1,
and we have an epimorphism I! (F C). Thus (F C)= 0(C) has to be in
P1(0) and I is its projective cover. So, I is an indecomposable projective injective
module in Q. But this implies Ie 6=0 by Lemma 4.2, which is the desired contra-
diction.
We are now in a position to state the main result of this section.
Theorem 4.6. Let 0 be an artin algebra in H1; and assume that there are no nodes
X 2 ind0 such that −X is torsionless and the injective envelope of X is projec-
tive. Then there are a semisimple algebra E; a tilted algebra F in H0 [H1 and an
F-E-bimodule M such that
0=

F M
0 E

:
Moreover; the Auslander{Reiten quiver of 0 has a nite number of postprojec-
tive components whose union consists of the modules in
S
n2N0 Pn; and all other
Auslander{Reiten components of 0 correspond to Auslander{Reiten components
of F .
Proof. In the rst statement we just collected previous results. The statement concern-
ing the postprojective components follows from Theorem 2.2. For the other Auslander{
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Reiten components of 0, we know by Lemmas 4.2 and 4.3 that all modules lie in
Im , and the claim follows from Lemma 4.4.
We point out that in case we deal with nite dimensional algebras over an alge-
braically closed eld, 0 can be seen as an iterated one-point-coextension of the tilted
algebra F .
Finally, we remark that the Auslander{Reiten components of 0 can also be investi-
gated applying results from [5] and [18]. In [18], artin algebras whose indecomposable
projectives are all directing have been studied, and some of their Auslander{Reiten
components have been described there. Observe that the indecomposable projective
0-modules are all directing since they are contained in postprojective components
(see Theorem 2.2). Moreover, as mentioned in Section 2, the functor Hom0(−; 0)
has nite length, and so 0 belongs to the class of left glued algebras investigated
in [5]. In particular, we know from [5, (3.5)] that there are tilted algebras B1; : : : ; Bt
such that the Auslander{Reiten components of 0 which do not contain modules fromS
n2N0 Pn; correspond to Auslander{Reiten components of some Bi.
Here, however, we are going a step further, giving detailed results on the structure
of 0 and on the tilted algebra F where the Auslander{Reiten components of 0 come
from.
5. Conclusions and examples
The proof of Theorem 5.1 now merely consists in combining Theorem 3.8 with
Theorem 4.6 and using the description of the Auslander{Reiten quiver of a tilted
algebra given by Liu in [15]. We will also have to keep in mind that for a tilted
algebra in H1; the connecting components can only be postprojective or preinjective,
which follows from [5, (2.9) and (3.4)], and moreover, that Auslander{Reiten
components obtained from a quasi-serial translation quiver by ray insertions cannot
occur (see Theorem 2.2).
Hence, for the artin algebra F of Theorem 4.6, Liu’s description [15, Theorem 3.7]
reads as follows. Any Auslander{Reiten component of F which is neither preinjective
nor postprojective is either quasi-serial or obtained from a quasi-serial translation quiver
by coray insertions.
So, let now  be a P1-hereditary artin algebra and C an Auslander{Reiten component
of .
If C does not contain projective modules, by Theorems 3.8 and 4.6, it corresponds
to an Auslander{Reiten component of F and has the desired shape.
If C contains projective modules but no nodes from T; then by Theorems 3.8 and 4.6,
it corresponds to a postprojective component of 0.
If C nally contains nodes from T, then we know by Theorem 3.8 that it is
obtained from a nite number of Auslander{Reiten components of 0 by glueing to-
gether some simple injective modules with some simple projective modules. Now,
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the Auslander{Reiten components of 0 containing simple projectives are all post-
projective. The Auslander{Reiten components of 0 which are not postprojective and
contain simple injectives correspond by Theorem 4.6 to Auslander{Reiten components
of F and can therefore only be preinjective. This completes the proof.
Let us remark that the relationship between  and 0 also allows to transfer to
P1-hereditary algebras some of the characterizations of tameness proven in [18] for
algebras whose indecomposable projectives are all directing. In fact, as observed at the
end of Section 4, 0 belongs to the latter class, and the representation type of  and
0 coincide by Theorem 3.7.
We shall now exhibit some examples to illustrate our results. From now on, k will
denote a eld.
Example 5.2. Let  be the k-algebra given by the quiver
Its Auslander{Reiten quiver has the following shape:
where one has to identify the two copies of S1 (marked with ). An easy calculation
gives P0 = fP1; P2; P3g; P1 = fS2; −1P2; I2g and P2 = fS1; S3g. Clearly then  is a
P1-hereditary algebra but it does not belong to H1. Observe also that S1 is its unique
node. Using the notation of Section 3, we get that 0 is given by the quiver
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The Auslander{Reiten quiver of 0 is
Observe that the algebra 0 is tilted (of type A4).
Example 5.3. Let now  be the k-algebra given by the quiver
with = = = = ’= =0; !=’ and =’ . This algebra is
representation-innite and P1-hereditary. Its Auslander{Reiten quiver has a component
containing all the projective modules with the following shape:
where one has to identify the two copies of S1 (marked with ). The indecomposable
projective modules are marked with }. In this algebra, we have three nodes, namely
S1; S3 and S4. In the sequel, we shall use the notations of Section 3. So it is not dicult
to see that S1; S3 2T1, while S4 2T2 and that 0 is the product of the following algebras
(in H1):
01 is equal to the algebra 
0 of Example 5.2.
02 is the hereditary algebra with quiver A2, and
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03 is given by
The algebras 01 and 
0
2 are tilted, while 
0
3 is not. The Auslander{Reiten quiver of 
0
3
has a postprojective component containing all the projective modules with the following
shape:
Observe that the module C 2P1(03) is torsionless of projective dimension 2, and
P3= I1 is a projective cover of C (cf. Corollary 2.6). Using now the notation from
Section 4, we have that Q= fI1g; and
03=
 
F M
0 E
!
where E is a simple algebra (corresponding to the vertex 1 of 03), F is the k-algebra
given by
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and M is the F-E-bimodule (1 − e1)03e1. An easy calculation shows that F is tilted
and its postprojective component has the shape
We would like to stress now how the postprojective component PF of the tilted
algebra F is related to the postprojective component P03 of the algebra 
0
3. Observe
that PF is the full subquiver of P03 obtained by deleting the vertices corresponding to
the projective-injective module I1=P3 and its submodules P2 and P1. In general, to
get the postprojective component of F one has to delete from the postprojective com-
ponent of 0 the vertices corresponding to all the submodules of the projective-injective
modules of Q (in the notation of Section 4).
We nish with an example, pointed out by D. Happel, of an algebra in H1 having
a coray tube.
Example 5.4. Let  be the k-algebra given by
This algebra is tilted with a complete slice in the postprojective component and belongs
to H1. The injective modules I1 and I2 belong to a preinjective component while the
injective I3 belongs to a coray tube.
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